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Landau-de Gennes (LdeG) theory and a microscopic model of interacting quadrupolar
tensors, also known as the dispersion model, are used to analyze the effect of an external
field on a nematogenic liquid crystal material having the zero field phase sequence biaxial
nematic-uniaxial nematic-isotropic liquid as temperature increases. Although both
approaches give qualitatively the same results the dispersion model does not reproduce
all features of the phenomenological phase diagrams. For example, the biaxial-uniaxial
transition for positive uniaxial anisotropic susceptibility is found to shift with field to
either higher or lower temperature, depending on the values of the coefficients in the LdeG
expansion, while the molecular model shows only the first type of behavior.

Keywords Biaxial nematic; Landau-de Gennes theory; liquid crystal phase tran-
sitions; molecular modeling

1. Introduction

Gramsbergen, Longa and de Jeu [1] analyzed the effect of an electric or magnetic
field on the uniaxial nematic-isotropic and on the uniaxial nematic-biaxial nematic
phase transitions. In addition to using Landau theory to explain basic effects
induced by external fields, they cited the experimental evidence available at the time.
Their work is extended here to consider further effects of an external field not only at
the level of phenomenological LdeG theory but also using a microscopic model of
interacting quadrupoles on a cubic lattice, also known as the dispersion model
[2,3]. More specifically, the case of positive uniaxial dielectric (diamagnetic) ani-
sotropy, where ¢ > ¢, is considered in detail by (a) including terms in the Landau
theory out to sixth order in the order parameter and (b) by applying the mean field
approximation and Monte Carlo simulations to the dispersion model. The results are
that the field dependence of the uniaxial-isotropic transition temperature has the
same features both in the Landau theory and in the microscopic model: (i) the
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isotropic phase becomes a paranematic phase with a very weak field-induced uniax-
ial order; (ii) a shift of the uniaxial nematic-paranematic transition temperature with
increasing field strength, until (iii) the transition terminates at a critical point when
the field reaches the critical value. It is worth noting that all three of these features
occur for the well-known nematogen 5CB placed in an electric field, according to
the landmark experiment of Lelidis and Durand [4], which found Typ(E.) —Typ(0) =~
0.6K and E .~ 13V/um, where Typ(E) is the uniaxial nematic - paranematic tran-
sition temperature, E is the electric field and E. is its value at the critical point. Con-
versely the biaxial-uniaxial transition temperature, Tgy, is found to not have a
universal shift with field strength in LdeG theory: Ty may increase or decrease
depending on the values of the coefficients in the LdeG free energy. Within the dis-
persion model only a slight decrease of the transition temperature is observed. The
case of negative uniaxial dielectric anisotropy shows that the biaxial-uniaxial tran-
sition is destroyed and the uniaxial-isotropic transition becomes a weak biaxial- weak
uniaxial (paranematic) transition. The LdeG analysis is only qualitative for this case.

2. Landau-de Gennes Free Energy

The Landau order parameter for both the uniaxial and biaxial nematic phases is taken
to be the anisotropic part of the dielectric (diamagnetic) tensor [5]: Q;j= &;j — 3 (1/3)
ek, Where d;; is the identity tensor and repeated indices are summed over. Qj; is traceless.
The principal axes of the tensor &; are taken to be the triad of unit vectors a, b, and ¢
with corresponding principal values ¢, > ¢, > ¢.. The isotropic phase corresponds to
£, = &p = &, @ Uniaxial nematic with positive anisotropy to & =&, > &, =&, =&, a uni-
axial nematic with negative anisotropy to &, = &, = &, > &. = ¢, and a biaxial nematic to
€a > & > &. The Qj; tensor can then be expressed as Qj; = q, a;aj + qp, bib; + qc cicj, where
Qa=2¢ 2 — &b —&)/3, Qb= (2ep — &4 — &:)/3, and q. = (2e. — &, — &)/3. Note that q, —
db=¢a — & = Aup, and qp — qc = &p — & = Ape. When A, > Ay, the relationship with
the positive anisotropy uniaxial nematic suggests that it is useful to define S=q, and
P=Ay.. This leads to the familiar form Q;=S ajaj+(1/2)(—S+P) bibj+(1/2)
(=S — P) cic;, and the conditions S > P > 0. Similarly, when A,;, < Ay, the identifications
S=qcand P=—A,;, lead to Q;;=(1/2)(—S — P) aja; + (1/2)(—S + P) bib; + S cic;, with
0>P>S and a clear connection to a negative uniaxial anisotropy when P — 0.

The field independent terms in the LdeG free energy [1,6] are the scalar invar-
iants of Tr(Q?) and Tr(Q%). Furthermore, the electric (magnetic) field and Q;j depen-
dent term in the LdeG free energy is given by:

Fg = —(1/2)EiQ;E; (1)

For a bulk sample, the field will establish the orientation of the a, b, and ¢ axes. To minimize
Fg, the field will always be along the a axis since we assumed that q, > qp > qc. Thus Fg=
—(1/2) E? q,. Lastly, it is useful to make the variable changes: S= q cos(f) and P= /3 q
sin(f) where 0 < 6 < 7/6, and q > 0 for A,y, > Ay, (positive uniaxial anisotropy), but q < 0
for A, < And(negative uniaxial anisotropy). Now Tr(Q?) = (3 /2) q*and Tr (Q})=(3 /4) q
cos(30), which leads to the following form for the LdeG free energy [1,6]:

1 1 1 1 1 1 1
F=_aq — gbq3 cos(30) + Zcq4 + gdq5 cos(30) + geq6 +— pq°[cos(30))* — §E2qi,

2 6
(2)
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where g, = q cos(6) (for positive uniaxial anisotropy), q_ = —q cos(d — 7/3) (for nega-
tive uniaxial anisotropy), a, b, ¢, d, e and ¢ =f — e are Landau coefficients, and a is linear
in temperature. For stability, >0 and e > 0 are required, but the additional condition
f> e is necessary to have a stable biaxial nematic when E =0 [6]. In the absence of a field,
a wide variety of sequences of transitions are possible as a function of decreasing a (i.e.,
temperature), depending on the specific values of b, ¢, d, e, and f [6]. Rather than consider
all possibilities, which are left to our forthcoming publication, in this work generic values
of the parameters will be chosen such that the sequence is a first order isotropic to uni-
axial nematic transition at Tyy followed by a second order uniaxial nematic to biaxial
nematic transition at Tgy as temperature is reduced. The phase diagrams of reference
[6] reveal that effectively this means that ¢ and d may be either positive or negative, as
long as b is sufficiently positive and f>e > 0.

2.1. Calculations for A, > Ap.

The first feature of interest is to examine the Ny-Np transition when A,y > Ay.. For the
uniaxial phase 0=0 and F reduces to F = %aq2 — %qu + %cq4 + %qu + %fqé—
gq = Fy. Here g=E? /2. The equilibrium value of q (labeled q.) is the one of the five
possible q’s satisfying OF /0q = 0 that has the lowest value of F. It is assumed that b, c,
d, and f have values such that for g=0, there is a single transition from q.=0=qy to
Je = qu > 0 as a decreases. When g > 0, one finds a single transition in g, from gp to qu
where 0 < qp < qu. The transition occurs when F(qp) = F(qu). Technically of course
(p now represents a uniaxial paranematic phase with weak anisotropy rather than a
true isotropic phase.

The critical point where the Ny-Np transition ends is labeled by the critical
values ., a., and g.. They can be obtained from the additional conditions that
9’F/0q* =0 and &’F/dq’ =0 at the critical point: ¢> + %qﬁ + %qc — % =0, a. =
1qc[3b — 3cq. — 2dq?], g =1q?[3b —4cq. — 3dg?]. Trivially this gives q.=b/3c,
ac:bz/ 3¢, and g.=b’ /2702 when d =f=0, which reproduces the critical point in
the fourth order Landau theory of reference [1], although a stable biaxial nematic
no longer exists. When E=0, the Ny-I transition occurs at ay = bgy — cq%—
dqy — fq3, where qq satisfies 2fq; + 2dg} + 3 cqo — b = 0.

The second feature of interest is to analyze the effect of E on the Np—Ny tran-
sition. Since the biaxial nematic has 6 # 0, it is convenient to define cos(6) =1 —x,
which leads to cos(30) =1 — 9x + 12x> — 4x>. Now F= F,+ Fg with

8
Fp=xP, 4+ x*P, + X’P5 + q6(p 36x* — 16x° +§x6 , (3)

where P = ¢[g + 3bg* — 2dq* — 394°], P, = 4¢° [-b + 3dq* + ¥ 4’|, and P3 = $4°
[b—32dg® — 28¢4®]. A second order Np-Ny; transition occurs when x =0 satisfies
both dFp/0x=0 (i.e., Py=0), and dFy/90q=0. P;=0 is linear in g and does not
explicitly involve a while 9Fy/0x =0 is linear in both g and a. Denoting the values
of q and a at which the second order Ng-Ny transition occurs by qg and ag, one
finds 3¢qy +2dgh —3bqy — g =0, and ap = —2bqp — cqp + tdqy + (2f — 3e)qs.
Let apy and gpo be the corresponding values when g=0. Having obtained the equa-
tions for a, q., g ap and qp, it is necessary to select illustrative values of b, ¢, d, e,
and f to demonstrate the effect of E. For simplicity of calculation, assume c=d =0.
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The results are: ag = f(b/2f)4/3, a,= 3;10/51/3 =1.75ap, g.= 6f(b/10f)5/3, Jdro= (b/(p)1/3,
and agy= —(be/p)qpo = —ef’ 1302 / »)*3a,. The expression for ag is the fifth order poly-
nomial (ag/ago)’ — (ap/apo)” = (g/g)([1 —e/f]/ 103 /5. To further simplify, values of
e and f must be selected, although it is clear that scaling a. by a,, ag by agy and g by g.
renders the choice of b irrelevant. For e=1 and f=1.5, agy=—7.27ao and as g/g.
increases from 1 to 10 to 20, ag/apg increases from 1.0068 to 1.058 to 1.103. However,
fore=1 and f=2, aggp=—3.17a9 and as g/g. increases from 1 to 10 to 20, ag/ap,
decreases from 0.991 to 0.910 to 0.824. The conclusion to be reached from these
examples is that the shift of ag with changing E is sensitive to the parameters e and f
Tgy may move to lower temperature or higher temperature as E increases. It should
also be noted that because the only known measurement [4] of a./ag corresponds to a
T.—Tnp of only 0.6 K, that sets the scale for the field dependent transition temperatures
and suggests the shifts will be small. However if the apy/a, ratio is a large negative
number, the shift may be large.

2.2. Discussion of the Case A5 < Ap,

As shown by Gramsbergen et al. [1] the effect of E on the Ny-Np transition in fourth
order Landau theory is much more striking for negative uniaxial anisotropy than for
positive uniaxial anisotropy (see Figure 17 in reference [1]). Specifically, the isotropic
phase becomes a weakly anisotropic paranematic phase, but the uniaxial nematic
becomes weakly biaxial. That is, the field induces biaxiality in a phase that is uniaxial
at zero field. Experimentally, the phenomenon of field induced biaxiality has also
been observed [7,8]. The Ng-Np transition line in the E’-a phase space does not
end in a critical point as for Ny-Np transition, but changes from first order to second
order at a tricritical point. What happens in the sixth order Landau theory that also
includes a Np-Ny; transition at zero field? Qualitatively, one expects similar behavior
for the Ng-Np transition as in the fourth order Landau theory, but some quantitative
shifts due to the extra parameters. However a second order Np-Ny; transition at zero
field is likely to simply disappear at nonzero field [1]. Biaxiality is expected to
smoothly increase from weak to strong order as temperature decreases [1] (see
Fig. 22 in [1]), analogous to the behavior of a zero field second order ferromagnetic
transition in a metal when a magnetic field is applied. If the Landau parameters are
such that the Ng-Ny transition is first order in zero field (see Figs. 8, 9, and 11 in [6])
then in the presence of a field, a Ng-Ny transition is expected, which should termin-
ate in a critical point when the field becomes strong enough.

3. Quadrupolar Model in an External Field

It is often useful to establish the connection between the macroscopic Qj; tensor and
the microscopic order parameters that describe the time-averaged orientational order
of the molecules, as is discussed in section 2.1.3. of de Gennes and Prost [5] and in [1].
However, that connection is not expected to be very direct in general. For example,
in the case of the dielectric tensor the macroscopic polarization is not simply the sum
of the polarizations of individual molecules caused by the applied field. The diamag-
netic tensor is somewhat simpler to interpret at the molecular level [1], but note that
even in this case there might not be a unique Landau expansion for a given material:
there can be a different one for each choice of which tensor is the order parameter.
More specifically, the coefficients weighting terms with odd power of Tr(Q°) can
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acquire different signs when we have materials that have different anisotropies for
different properties. Clearly, as discussed above, the action of an external field
conjugate to a given susceptibility will contribute to the interaction energy with an
overall plus or minus sign, consistent with the sign of the anisotropy. The molecular
model studied here is the simplest one which accounts for nematic phases and for
which predictions of molecular and LdeG theories can be directly compared. We
take a system composed of N molecules that occupy the sites of a simple three
dimensional cubic lattice. The molecules are assumed to be nonpolar and to have
anisotropic intermolecular interactions as well as electric and magnetic susceptibil-
ities. The dimensionless interaction energy, H, of the system is given by

N
He=—¢) " TrlQ(Q)Q(%)] — > Ach’e, 0p(Q)ey, )
i=1

where the first term represents anisotropic intermolecular interactions. They are
expressed in terms of a molecular gsymmetric and traceless) quadrupolar tensor Q,
which is composed of uniaxial (7 02)) and biaxial (T ;2)) parts of D.,— and D,,—

symmetry, respectively. It reads

0(2) = TV () + V2.1 (%)), (5)

where T9(2) = /(e @&~ 11) and T9(@) = \ﬁ(a,- ®a; — b ©b,)) are built
out of the orthonormal tripod {a;, b;, ¢;} of vectors defining the orientational degrees
of freedom of the i-th molecule (7' (;) = TV ({a;, b;, ¢;})). The term proportional
to Aeh® represents interaction of molecules with an external field E (h=|E|, [e| =1, e
|| E). Summation in (4) runs over nearest neighbors and 2 represents orientation of
principal axes of Q.

One possible interpretation of @ is in terms of the anisotropic part of the mol-
ecular polarizability tensor a in which case the model is referred to as the dispersion
model. Then the interaction energy (4) accounts for the leading order of point disper-
sive interactions [9] with the parameters € and A being dependent on the diagonal
elements {0y, otyy, 0} Of o € = €020t — otyy — ocyy)2 and /= \/%(2%“_“7“’_)%) The
parameter 4 ‘measures’ the deviation of & from cylindrical molecular symmetry
and Ac is the anisotropy of a. With this interpretation, for an electric case, E would
be the local field equal to the applied field plus the fields produced by all induced
dipole moments in the system. In the simplest approximation where both fields
are assumed just proportional to each other (Lorentz-Lorentz or isotropic approxi-
mation [10]) the proportionality coefficient can be absorbed by the factor Ae/i?* and E
treated as the applied field. In the magnetic case the local and the applied fields are
the same.

Special cases of the model (4) have already been studied. For h =4 =0 the poten-
tial in Eq. (4) reduces to the well-known Maier-Saupe or Lebwohl-Lasher potential
[11], which describes a phase diagram with isotropic and uniaxial nematic phases
connected by a first-order phase transition. Second is the one where 7 # 0 and
h =0. Potential (4) then reduces to the model proposed by Luckhurst e? al. [2], which
was extensively studied by Biscarini et al. [3]. The model describes a phase diagram
with uniaxial nematic and biaxial nematic phases connected by the second-order
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phase transition. In addition to an isotropic (I) phase, the following phases are ident-
ified: nematic prolate (N{}) for positive anisotropy of e, nematic oblate (Ny;) for
negative anisotropy of & and biaxial nematic (Ng) phases. The tensor Q exhibits
maximal degree of biaxiality for A = 1/v/6 — the so called self-dual Landau point
[12], for which a direct continuous Ng-I phase transition occurs. For 1 < 1/v/6
and A > 1/+/6 the biaxial phase is preceded by a uniaxial phase: N{; and Ny, respect-
ively. Further generalizations of the model are found in [12-14]. Our goal here is to
investigate the effect of taking into account interaction of the molecules with an
external field, which can be either electric or magnetic. We show that the results
are consistent with LdeG theory discussed in the previous section.

3.1. Order Parameters

The primary order parameters, useful for identifying phases are the thermodynamlc
averages, <A“) > of symmetrized Wigner matrices A = Te[TD ({1 i, 1))

mm mm

T $)({&i,bi7cl})], where {I, 7n,i} denotes the directors’ tripod. The dominant of
these are <A(()%))> and <A(222)>, which are non-zero in the nematic phases The align-
ment tensor of Landau theory is proportional to <O>= Z —02 T ({1, n})

TI‘[T,%)({Z ﬁl, ﬁ}) <Q(Ql) >] :Zm:OZ m ({l m ”}) (<An10 > +\/v) < Am2>)'
Having determined <@> the distinction between oblate and prolate ordering can

\/_Tr[<Q
)= Tr[<Q>?]’
and —1 in the oblate uniaxial phase [1,6]. For the biaxial case 1 <w < —1, with w=0

corresponding to a biaxial state of maximal biaxiality. @ vanishes in the isotropic
phase, hence w is undefined there.

be made by calculating w(< Q> : /2, which equals +1 in the prolate uniaxial

3.2. Results of Mean Field Analysis and Monte Carlo Simulations

Thermodynamic properties of the system (4) are derived from the free energy fF=
—In Z, where Z = (T[, [ d)exp[— ] and where ¢ is the reduced temperature. We
will apply two methods to determine phase diagrams. The methods are the Metrop-
olis Monte Carlo (MC) simulation and the mean field (MF) approximation. The first
method allows to generate states out of the N-particle distribution function
PN (R4, Qs,...,Qn) =Z 'exp[— ] while the mean field theory makes use of the
non-equilibrium free energy, F'”", expressed in terms of the one-particle distribu-
tion function Py(R)=P(Q):t 'F*"=1Nd ' [dQ,dQ, [P(Q))P(2,) H(R,, 22)]+
N [dQ P(Q)In P(Q). As usual, the equilibrium properties are obtained by minimiz-
ing F'" with respect to P, subject to the normalization condition [dQ P(Q) = 1.
Here d =6 is the number of nearest neighbors for each molecule and €2 is the
SO(3)-invariant parameterization of rotations either in terms of the Euler angles
(MF) or quaternions (MC). As MF underestimates entropy, it gives overestimation
of the transition temperature and therefore provides a good starting point for more
accurate MC estimates.

The MF calculus and MC simulations presented in this paper aim at construct-
ing the phase diagram in the Vdrldbles (1, Aeh®) for the prolate biaxial molecules of
2=0.3 (ie, w(Q)=—= 62) }/2 =3, 36). The simulations were carried out on a cubic
16 x 16 x 16 lattice w1t perlodlc boundary conditions. A MC move is made by
rotating a randomly chosen molecule with quaternion parameterization for rota-
tions. Doing so N times is considered a sweep. Each run consisted of 50000—-60000
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MC lattice sweeps to thermalize the system from an initial, completely ordered,
biaxial configuration and 80000-100000 sweeps of the production run. The accept-
ance ratio was tuned to vary between 30% and 40%. Every 10th sweep was con-
sidered for measurement of thermodynamic averages.

The applied field was chosen to be aligned along the z axis and both positive and
negative values of Aeh® were considered for selected /. The phase boundaries were
identified from peaks of the specific heat and the phases were determined from w.
Figure 1 reproduces the known result of a temperature scan in the case of zero field
[3]. The high temperature phase is thus the isotropic (I) phase. As the temperature is
lowered a first-order phase transition occurs and the nematic prolate (N{;) phase
emerges. Lowering the temperature further causes a second-order phase transition
to take place from the uniaxial to the biaxial nematic (Ng) phase. Figure 2 presents
the full (1, Ach®) phase diagram in the regime of parameters where the qualitative
differences in phase behavior were detected.

The effect of the field in the case of positive anisotropy of susceptibility is fully
consistent with Landau-de Gennes theory. The results are presented in the upper
part of the phase diagram in Figure 2. An exemplary temperature scan is presented
in Figure 3. In the case of positive anisotropy, the interaction promotes aligning of
the eigenvectors of the molecular Q tensors associated with the largest eigenvalue
along the direction of the field. The isotropic (I) phase acquires a small (field-
induced) long range order and is replaced by the paranematic prolate (Nj) phase.
The phase transition from I to Ny} is replaced by N to N{; for sufficiently small

Figure 1. Temperature scan of the order parameters for 1= 0.3 in the case of zero field, repro-
ducing the familiar sequence of phase transitions as known from Ref [2]. Points represent MC
results, dashed lines correspond to MF calculations. Specific heat for this scan is plotted in the
inset. The phase sequence is I — N{; — Np as the temperature is decreased. Signatures of the
phase transitions are peaks in the specific heat, as well as a rapid change in order parameters
and w. The parameter w is not defined in the isotropic phase.
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Figure 2. Mean Field (thick lines) and Monte Carlo results (points) for the phase diagram of
the model with A=0.3 in (z, A¢h®) plane. Also presented is the critical point for positive mol-
ecular anisotropy; it is indicated as a point for MF and as a dashed area for MC results. Inset
is a zoom about the critical point. For negative anisotropy, the transition from uniaxial
nematic (N{)) to biaxial nematic (Ng) occurring for zero field is replaced by an area, where
spontaneous biaxiality is predominant. This is indicated as dashed areas with horizontal
dashes for MF and slanted dashes for MC results.
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Figure 3. Temperature scan of the order parameters and w for Ach*=0.04 (above the critical
point). Dashed lines correspond to Mean Field results while Monte Carlo data is presented as
points. Specific heat for this scan is plotted in the inset. The phase sequence is Nj — N{; — Np
as the temperature is decreased. Note that in the N phase the uniaxial order parameter is
small, however w clearly indicates prolate order. The phase transitions are detected from peaks
of the specific heat and from a rapid change in order parameters and w.
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fields and the transition temperature is slightly increased with increasing field. The
transition line terminates at a critical point. Above that point the N phase trans-
forms into N{j without a phase transition. MF calculations revealed this point to
occur at Ach*~0.1, while MC results indicate the presence of the critical point for
Ach* somewhere in the range (0.01, 0.04). The field does not affect much the N{
to Ny transition line; the transition temperature is only slightly lowered with the
field.

The case of negative molecular susceptibility is less obvious, but nevertheless
intuitive. The lower part of the phase diagram in Figure 2 presents the results for this
case. An exemplary scan for Ack* = —0.04 is given in Figure 4. The eigenvectors asso-
ciated with the lowest of the eigenvalues of the Q tensors are promoted to align par-
allel to the field. Therefore, when the field is applied to the isotropic phase, it induces
a small uniaxial oblate ordering in the sample (N, phase). That is, in the plane per-
pendicular to the field, there is still residual SO(2) symmetry. When the temperature
is lowered, this uniaxial symmetry of Ny is broken and the biaxial nematic phase
emerges. The temperature of the first order Ny to N transition initially increases,
but saturates as the magnitude of the field is increased. At sufficiently high fields
the Ny to N, transition becomes second order. As the temperature is lowered, the
field-induced biaxial order parameter is small until t 2 0.5. For t <0.5, in the hatched

Aeh?=-0.04
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Figure 4. Similar as Figure 3 but for Ach*=—0.04. The phase sequence is Np — N as the
temperature is decreased. The paranematic oblate (N,) phase has very small, field induced
nematic order, but the presence of ordering is evident from the fact that w= —1 in this phase.
The phase transition is identified from a peak in the specific heat, as well as from a rapid
change of w.
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area of Figure 2, spontaneous biaxiality emerges. But, contrary to the case of
Ach? >0, when the Np—N{, phase transition is observed, the peak in the specific heat
disappears and there is no indication of any phase transition. The phases on both
sides of this transient region are clearly the same Ng phase, differing only in the
amount of ordering (see Figure 4).

4. Conclusions

Results of Landau theory to sixth order in the traceless tensor order parameter and
molecular modeling have been used to theoretically analyze the effect of an external
field on both the biaxial nematic-uniaxial nematic and the uniaxial nematic to para-
nematic phase transitions. Quantitative calculations for the case of positive uniaxial
anisotropy demonstrate that the shift of the Ng-Ny transition temperature with field
strength, and even the sign of the shift, is sensitive to the empirical coefficients in the
Landau free energy expansion. The Ny-Np transition, as expected from Landau
theory and molecular modeling, ends in a critical point and the transition from
N5 to field- induced N crosses over from first to second order. Qualitatively, it is
anticipated that for negative uniaxial anisotropy, a first order zero field Ng-Ny; tran-
sition will become a Ng-Np transition that ends in a critical point at sufficiently
strong field, however this has not been demonstrated in the present modeling.
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